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FILTERED COCATEGORIES

VOLODYMYR LYUBASHENKO

ABSTRACT. We recall the notions of a graded cocategory, conilpotent cocategory, mor-
phisms of such (cofunctors), coderivations and define their analogs in L-filtered set-
ting. The difference with the existing approaches: we do not impose any restriction on
A-modules of morphisms (unlike Fukaya and collaborators), we consider a wider class
of filtrations than De Deken and Lowen (including directed groups L). Results for com-
pleted filtered conilpotent cocategories include: cofunctors and coderivations with value
in completed tensor cocategory are described, a partial internal hom is constructed as
the tensor cocategory of certain coderivation quiver, when the second argument is a
completed tensor cocategory.

INTRODUCTION. The subject of usual (non-filtered) A..-categories is absorbed to some
extent by the subject of dg-categories since any non-filtered A..-category is equivalent to
a dg-category. On the other hand, A, -categories arising in symplectic geometry (Fukaya
categories) are naturally R-filtered. Hence the necessity to study filtered A,.-categories
per se. Such a study began in works of Fukaya (e.g. [Fukaya, 2002]) continued in his works
with Oh, Ohta and Ono (e.g. [Fukaya, Oh, Ohta, Ono, 2009]). The restriction imposed in
these works (dictated by the geometric origin of Fukaya categories) is that the modules of
morphisms are torsion free over a graded commutative filtered ring A, the Novikov ring.
The various freeness requirements are removed in the approach of [De Deken, Lowen,
2018]. However, they work with L-filtered modules, where the commutative monoid L
has partial ordering such that the neutral element 0 is the smallest element of L. For
instance, such is . = R, but not L = R.

Here we relax the conditions on partially ordered commutative monoid L, whose ele-
ments index the filtration, thereby including directed groups. And we keep the feature of
not necessarily torsion free modules of morphisms. Thus we combine the features of works
of Fukaya, Oh, Ohta and Ono on the one hand and of works of De Deken and Lowen on
the other. I hope that this combination will be useful for articles on Homological Mirror
Conjecture of [Kontsevich, 1995].

In the present article we deal mostly with a predecessor of A -categories — LL-filtered
Z-graded cocategories 2 over a graded commutative complete L-filtered ring A. Among
2l we distinguish conilpotent cocategories a, especially, tensor quivers T'b with cut co-
multiplication, and their completions a and 7'b, respectively. The completions are taken
with respect to the uniform structure coming from the filtration. The uniform structure
is one of the tools we use in the study of filtered cocategories. Our results include a
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description of morphisms (cofunctors) from a completed conilpotent cocategory a to Tb.
Furthermore, we describe coderivations between such cofunctors. We define a partial in-
ternal hom between completed conilpotent cocategories. Partial because the considered
second arguments are only of the form 7'6. This internal hom is the tensor cocategory
of a coderivation quiver. The latter has cofunctors as objects and coderivations as mor-
phisms. We define also the evaluation cofunctor and prove its property which justifies
the name of evaluation. Composition of cofunctors Ta—Tb—Tc exten/di to composi-
tion (cofunctor) of internal homs. When the source T'sA and the target T'sB are filtered
Ax-categories (equipped with a differential of degree 1 preserving the filtration), so is the
coderivation quiver (up to a shift).

Contents

1 Conilpotent cocategories 1728
2 Filtered cocategories 1738
3 Filtered A-categories 1761
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PLAN OF THE ARTICLE. In the first section we deal with non-filtered graded cocategories.
To some extent this is a recollection of [Lyubashenko, 2003] and serves as an introduction
to the filtered case. The new exposition differs from [Lyubashenko, 2003] in the use of
conilpotent cocategories as a source instead of tensor categories. Also the proofs of the
main results (Proposition 1.14) are new.

The second section is devoted to the main subject — L-filtered Z-graded cocategories,
especially, to completed conilpotent cocategories. We begin with conditions on a com-
mutative partially ordered monoid L. We study (complete) L-filtered Z-graded abelian
groups and later (complete) L-filtered A-modules (Section 2.8), where A is a graded
commutative complete L-filtered ring, for instance, the universal Novikov ring. In Sec-
tion 2.11 we define completed conilpotent cocategories and their morphisms (cofunctors).
We describe cofunctors with values in a completed tensor cocategory in Theorem 2.23.
In Section 2.30 we study coderivations, in particular, in Proposition 2.32 we describe
coderivations with values in a completed tensor cocategory. In Section 2.37 we define the
evaluation cofunctor and prove in Theorem 2.38 its property, which justifies the name of
evaluation.

In the third section we apply these results to differential graded completed tensor
cocategories also known as filtered A..-categories. We prove in Proposition 3.2 that the
coderivation quiver for two filtered A,-categories is a filtered A, -category itself (up to a
shift). Examples are given.

CONVENTIONS. We work in Tarski-Grothendieck set theory originated in [Tarski, 1939].
In this theory everything is a set (or an element of a set) and any set is an element of
some Grothendieck universe. In particular, any universe is an element of some (bigger)
universe.
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Let V be a symmetric monoidal category. By a lax plain/symmetric/braided monoidal
V-category € we mean a V-category equipped with ®7, A/, p¥ with the properties listed
in [Bespalov, Lyubashenko, Manzyuk, 2008, Definition 2.10] (the one with natural trans-
formations N : @€' M; — @7/€7 @€/ M; for non-decreasing/arbitrary /arbitrary map
of finite ordered sets f : I — J). The same notion bears the name ’oplax‘ in the works of
Day, Street, Leinster, Schwede, Shipley and many other authors. Any finite ordered set
I is isomorphic ton = {1 <2 < --- < n} for a unique n > 0. In order to reduce the data
we assume that @’ = (€7 = ¢€" AN €); M identifies with A9, where f : I — J is a map
of finite ordered sets and ¢ : n — m comes from the commutative square

oY

[———n
fl lg
J— = m

p* for 1-element set L reduces to p!' : ®' — Id. This reduction is used only for easier
writing and one can get rid off it whenever needed. Similarly, in the definition of a
(V)-multicategory C we assume that C((M;)ier; N) = C(Mgny, - .., Mywmy; N) for the only
non-decreasing bijection ¢ : n — I, with the corresponding requirement on compositions
for C. Summing up, the notion reduces to I € {n | n € Z-o} and we may simply write
C(M, ..., M,; N). The results of the article extend obviously to the picture indexed by
arbitrary finite ordered sets, which is anyway isomorphic to the picture in which only n
are used as indexing sets.

Composition of two morphisms of certain degrees f : X — Y and g : Y — Z is mostly
denoted fg = f - g. When the sign issues are irrelevant the composition may be denoted
gf = go f. Applying a mapping f of certain degree to an element x of certain degree
we typically write 2 f = (x)f. When there are no sign issues the same may be written as

fr = [f(z).
ACKNOWLEDGEMENT. [ am really grateful to Kaoru Ono for explaining the geometric
side of Fukaya categories.

1. Conilpotent cocategories

Let 'V be the complete additive symmetric monoidal category with small coproducts and
directed colimits V = gr = gr, = A-mod, where A is a Z-graded commutative ring,
A-mod means the category of Z-graded abelian groups which are also A-modules (and
the action A ® M — M has degree 0). Besides these properties sometimes we use also
that V is closed symmetric monoidal. Examples of A are the universal Novikov ring
Ao nov(R) and its localization A, (R), see [Fukaya, Oh, Ohta, Ono, 2009, §1.7 (Conv. 4)].
Left A-modules are viewed as commutative A-bimodules, £mA = ur(A ® m) = Am. In
general, commutativity is considered with respect to the symmetry 7(z®y) = (—)*Yy®z =
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(—1)deedeeyy & . Thus, (V,®,1,7,V) means (gr,, ®a, A, T, gr), where the inner hom is

gr(M,N)' = {f € HAb(Mn>N"+d) |Vn € ZVp € ZNYA € AP \f = fA: M™ — N"HdtPy,

nez

1.1. DEFINITION. A V-quiver a is a set of objects Oba and an object a(X,Y) € ObV
giwen for each pair of objects X, Y € Oba. The category of V-quivers V-Quiv has as
morphisms f : a — b collections consisting of a map f = Obf : Oba — Obb and
morphisms f: a(X,Y) — b(fX, fY) for each pair of objects X, Y € Oba.

1.2. EXAMPLE. Let S be a set. One forms a V-quiver 15 with Ob1.S = S,

1, ifX=Y,

15X, Y) = {0 if X A£Y.

A mapping f : S — @ induces a quiver morphism 1f : 1S — 1Q with Ob1f = f and
1f=idy: 1S(X,X) — 1Q(fX, fX) for any X € S.

The category V-Quiv is symmetric monoidal with the tensor product X

ObaXb=0Obax Obb,
(aXb)((A,B),(A',B)) =a(A,A)®b(B,B').

The unit object quiver 1 has one-element set Ob1 = {%} and 1(x,%) = 1. The sym-
metry comes from that of V. Since the symmetric monoidal category V is closed, so is
V-Quiv with inner hom object V-Quiv(a, b), which is the V-quiver with Ob V-Quiv(a, b) =
Set(Oba,Obb), and for any pair of maps f,g: Oba — Obb

V-Quiv(a, b)(f.9) = J] Y(a(X,Y)b(fX gY)).

X,YeOba

The evaluation morphism ev : aX¥'V-Quiv(a, b) — b (the adjunct of 1y.quiv(a,e)) is given by

(X.f) = fX,
aX.V)® ] Wy b(x,gy) —2

X" Y'€Oba ev
a(X,Y)@V(a(X,Y),b(fX,gY)) — b(fX,gY).

By definition there is a functor Ob : V-Quiv — Set, a +— Oba. Consider the fiber
V-Quivg of this functor over a set .S, that is,

Ob V-Quivg = {a € V-Quiv | Oba = S},
Mor V-Quivg = {f € Mor V-Quiv | Ob f = idg}.

Since V is abelian, so is V-Quivg being isomorphic to V5*5.



1730 VOLODYMYR LYUBASHENKO

1.3. DEFINITION. The category V-Quivg is monoidal with the tensor product ®

(@®b)(X,2) = [Ja(X,Y)®b(Y,2),
Yes

and the unit object 1S.

For an arbitrary V-quiver a we denote T"a = a®" € V-Quivopq, 7 = 0, T%a = 10ba =
Ta. We use 1a as a shorthand for 1 Oba and 1f as a shorthand for 1 Ob f, where f is a
morphism of quivers.

Let ai, ..., a,, by, ..., b, be V-quivers with Oba; = --- = Oba, = S5, Obb; =
-+- = 0Obb, = Q. Let f; : a; — b;, 1 < ¢ < n, be morphisms of quivers such that
Ob f; = f:5 — Q. Then the following morphism is well-defined

H® - fi 1®--®a, > b ® - ® b,
Obfi®-® fo=F,
f1®®fn:[ H al(‘XVOa)(l)(g>"'<g>an()(n—h)(n)M>

(nyxy, f Xy 1) X1, Xp_1€S

H bl(fXO,fX1>®®bn(an—17an)

H bl(on,Y1)®®bn<Yn—l7an) : (11)

In the case n = 0 (when a map f : S — @ is given) f; ® -+ ® f, is the morphism
1f:15 — 10.

1.4. DEFINITION. A cocategory ¢ is a coalgebra in the monoidal category V-Quivg. Of
course, S = Obec¢. In other words, ¢ is a V-quiver equipped with a coassociative comul-
tiplication A : ¢ — ¢ ® ¢ and the counit € : ¢ — Lc¢ which satisfies the usual counitality
equations. Morphisms of cocategories (cofunctors) f : b — ¢ are morphisms of V-quivers
compatible with the comultiplication and the counit in the sense that

f

b— ¢ b— ¢
AJ/ = j/A s aJ/ = ‘[5 . (12)
bob — o 1— 1.

The category of cocategories is denoted coCat.

1.5. EXAMPLE. For any set S the V-quiver 15 is a cocategory with the identity morphism
idgs as € and the isomorphism A : 1.5 — 1.S®1S, coming from the canonical isomorphism
1=z1®1.
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1.6. DEFINITION. An augmented cocategory ¢ is a coalgebra morphism n : L¢ — ¢ in
V-Quivoy .. Morphisms of augmented cocategories f : b — ¢ are morphisms of cocategories
compatible with the augmentation, that 1s,

16— 1c
nl = ln (1.3)
f

b ———«¢

The category of augmented cocategories is denoted acCat.

Notice that Obn = idop, for an augmented cocategory ¢. It follows from (1.2) that
n-e=1.

Recall that the category V = gr is idempotent complete. An augmented cocategory ¢
splits into a direct sum ¢ = L¢P ¢ in V-Quivgy, . so that € becomes pr; and 7 becomes in;.
A non-counital comultiplication, induced on ¢,

A=A—n®1-1®@n:t—=ct®cc V-Quivop, (1.4)

is coassociative. In fact, pry : ¢ — ¢ identifies with the canonical projection 7 : ¢ —
Cokern = ¢/Imn and A can be found from

™

—A> cR¢
- j/?‘(@ﬂ (15)
A _ T

—®c

aAl——a

1.7. DEFINITION. An augmented cocategory ¢ is called conilpotent when (¢, A) is conilpo-
tent, that is,

| Ker(A™ e — &) ==

n>1
The full subcategory of acCat whose objects are conilpotent cocategories is denoted ncCat.

1.8. EXAMPLE. For an arbitrary V-quiver a there is the tensor quiver Ta =[], T"a =
[,20 0% = ©pz0a®". Define comultiplication A : T'a — T'a® T'a as the sum of canonical
isomorphisms a®” — a®* ® a®, k +1=mn, k,1 > 0. On clements

A(h1®h2®"‘®hn):Zh1®"'®hk®hk+1®“'®hn
k=0

is the cut comultiplication. The counit is e = pry : Ta — T'a = 1a, the augmentation
is 7 = ing : T — Ta. The direct summand Ta = T7% = @®,-0T"a is equipped with
the reduced comultiplication A : T7% — T>% ® T which is the sum of canonical
isomorphisms a®” — a®* @ a®, k +1=mn, k,l > 0. On elements

n—1
A @h @ @hy)=> @ @h Q) h ®: - & hy,.
k=1
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Since it is conilpotent, the augmented cocategory T'a is conilpotent. It is called the cofree
conilpotent cocategory. The reasons are clear from the following

1.9. PROPOSITION. The tensor cocategory construction extends to a functor T : V-Quiv —
ncCat, representing the left hand side of a natural bijection

{¢p:a—beV-Quiv|n-¢ =0} =ncCat(a,Th).

PROOF. For any ¢ : a — b € V-Quiv the morphisms T7"g = ¢®" constructed in (1.1) form
Tg and extend T to a functor. Any morphism f : a — Tb € ncCat is uniquely determined
by the composition f = f-pr, : @ — b € V-Quiv such that 7 - f = 0, as the following
commutative diagram shows

7o
/ AR) P
pr®k
a (Tb)®k 1 ; b®k
Rk
AR fok
a®k

Namely, the following expression makes sense in notation z() ® -+ ® x) = A® (z)

f@) =) flra) @ @ flaw) = (@) (Uf) -ing+ Y fle) @ @ flww),

k>0 k>1

since A®) () = 0 for large k and n - f = 0. m

The category coCat is symmetric monoidal with the tensor product X given by

(am,Az (@Rb 223 (a@a) R (b®b) 22 (aRb) @ (a K b)),

e = (a&bLﬂeﬂla&]lb%]l(ObaxObb):]l(aﬁb))).

The isomorphism 753 = @1 ®7®1: (a®@a) X (b®b) = (aXb) ® (aXb) (the middle
four interchange) is the direct sum of isomorphisms

10701 : a(X,Y)®a(Y, Z)@b(U, V)@ b(V,IW) = a(X,YV)2b(U,V)®a(Y, Z)@b6(V, W).

Hence the category acCat is symmetric monoidal. The augmentation for the tensor pro-
duct a X b of augmented cocategories a, b is

n=(1(a®b) = 1(Oba x Obb) = 1a K16 "5 a & b).

1.10. PROPOSITION. The category ncCat is a full monoidal subcategory of acCat.
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PRroOF. Given two conilpotent cocategories ¢ and 0, let us prove that ¢X 0 is conilpotent.
The canonical projections 7 : ¢ — ¢ and 7 : 0 — 0 allow to write 7 : ¢ X0 — ¢X D as

(rRm,rNe,e®m): KO- XD XK1 P LcXD.
Diagram (1.5) implies

P

%

iy - 7T®l
M AW e
(————¢
and similarly for 0 and ¢X 9. Hence,
ADORAWD
‘ (l) unsnuirie JI
(Ko 2 cX0)¥! bt > ¢® R 0%
X | X of . ) | . .
m&e 1 e (v(i1)®-Qu (i) R (j1)®--@v(41))i,;
eXmr — e —
XD e\
D A © huff, -0k €01} . . . .
(Rio— [ | == P "o PRI 0¥
S¥) @ i+ >0
1cXd 1cXd

where v(0) = € and v(1) = m. Denote by p = #{k | ix = 1} and ¢ = #{k | jx = 1}
certain cardinalities. The canonical isomorphism of the summand in the bottom right
corner with ¢®? X1 0% satisfies

AD . (v(i) ®

)@ - @u(iy)) iso = AP . 7 = 7. AW . ¢ 5 ¢®P,
AV () @ ov(j

v(i
1) -iso = AW . 7% = 7. Al .y 5 ¥,

!
!
Clearly, p + ¢ > . Therefore, if ¢ € ¢, A®¢ =0 and d Eiﬁ, A = 0, then the lower
row applied to ¢ X d vanishes for [ =n+m —1. If c € ¢, A®¢ =0 and U € Ob?, then

the lower row applied to ¢ X 7y ends up only in the summand with iy = -+ =4 = 1,
J1=---=ji = 0. Hence, AD(cX®ny) = 0 for | = n. Similarly, if X € Obc and d € 9,
A d =0, then A (nx K d) = 0. n

Being a full monoidal subcategory of acCat the category ncCat is symmetric.

1.11. DEFINITION. Let f,g:a— b € coCat. An (f,g)-coderivationr: f — g:a— b of
degree d is a collection of morphisms r: a(X,Y) — b(fX,gY") of degree d, which satisfies
the equationr - A =A-(f@r+r® g).

The maps f@7r,r®g:a®a— b® b are defined similarly to (1.1).
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1.12. PROPOSITION. Let f,g:a — Tb € ncCat. (f,g)-coderivationsr: f — g:a—Tb
of degree d are in bijection with the collections of morphisms 7 = r - pr; : a(X,Y) —
b(fX,qgY) of degree d.

PrROOF. The commutative diagram

Tb
) A(k)j/ Px
a (Tb)®k pr?k b®k

D gbitt=k FI0reg®!
Ak | FO4 g0 @t
®k Zq+1+t:k feI0rRg

shows that r is given by the formula

r=3A®. 3 frgreg® =AY . (forag). (1.6)

k>1 q+1+t=k

The first expression makes sense, since in each term of decomposition of A®) there are
factors of A and k — n unit morphisms (elements 7(1)). The maps f and § vanish on
the latter, hence, if A®~D(z) = 0, then k-th term of (1.6) vanishes on z. The second
expression obviously makes sense. n

Let a,b € acCat. The coderivation quiver Coder(a,b) has augmentation preser-
ving cofunctors f : a — b as objects and the d-th component of the graded A-mod-
ule Coder(a,b)(f,g) consists of coderivations r : f — g : a — b of degree d. No-
tice that in [Lyubashenko, 2003] the notation Coder(A, B) was used as a shorthand for
Coder(T'A, TB) for V-quivers A and B.

Let ¢ : aX ¢ — b be a cocategory homomorphism of degree 0. By definition the
homomorphism ¢ satisfies the equation

al¥c¢ 0 > b 2 >b®b

AIEAJ/ = T¢®¢>

(a®a)X(c®c) Lot »(aXe) @ (aXc)

Let ¢ € ¢ (in the next several paragraphs ¢ does not mean the symmetry). Introduce
cx : a — b € V-Quiv" by the formula a(cy) = (a X c¢)¢. Then the above equation is
equivalent to

a(ex)A = aA(cayx ® c2)X). (1.7)

Another equation satisfied by ¢ is counitality: (a X ¢)¢e = a(cx)e = (ag)(ce).
Assume that a, b € coCat and ¢ € acCat. Given a cofunctor ¢ : alkc — b and an object
C' € ¢ there is a cofunctor (-X C)¢ : @ — b, which acts on objects as (_X C)¢ : Oba —



FILTERED COCATEGORIES 1735

Obb, A — (AXC)¢ and on morphisms as (-X1cn)¢ : a(A’, A”) — b((ARC)¢, (A"KC)e),
a— (aX1cn)e, where (1¢)n € ¢(C,C), 1c =1 € (L¢)(C,C) = A. If, furthermore, a and
b are augmented and ¢ preserves augmentation, so does (-X )¢ for any C' € Obec.

Assume that ¢ € €(f,g)? satisfies cA = 1y @ ¢+ ¢ ® 1,n. Then the collection
E:a(AA") - (AR o, (AR g)¢), ar— (aRc)o, is a ((-K f)o, (- g)¢)-coderivation
of degree d.

1.13. EVALUATION. Let a be a conilpotent cocategory and let b be a V-quiver. Define the
evaluation cofunctor ¢ = ev : aX¥IT Coder(a, 7'6) — T'b on objects as ev(AX f) = fA, and
on morphisms by the corresponding x. Let f°, f1,..., f* : a — Tb be cofunctors, and let

1 2 n
r',...,r" be coderivations of certain degrees as in f* = f! T ... 77t Is 7 ia — T,

n>0. Thenc=r'®---@r" € T" Coder(a, Tb)(f°, /™). Define (a X c)ev = a.(cy) as

(a&(rl(@_ ) -®r”))ev _ (aA(2”+1))(f0®7‘1®f1®7‘2®- ) _®fn—1®7;n®fn)lugggl+1). (1.8)

The right hand side belongs to (7'6)®(2"+1) ,u%? 1 and is mapped by multiplication ,ug: )

into T'b. In particular, for n = 1 we have (a K r!)ev = (a)r' due to (1.6). In order to see
that ev is a cofunctor we verify (1.7):

a.()A=aA (PR flore o T e e fMuhy VA
:CLA(Qn—H)Z(fO@’f‘l@®fm_1®’fm®fmA®fm+l®fm+l®®’f’n®fn)
m=0

(2m+1) (2n—2m+1)
( Tb Tb )

n

=aACIN (P el e oo A R) M)

m=0

R ® fm'H R fn) ('ug?gn-&-l) M%?—zm—f—l))
= a\ Z(A(2m+1) ® A(2n72m+1)> [(fO ® 7;1 R ® fmfl QR ® fm),ug?gnJrl)
m=0

®(fm Qi g fm+1 QR ® fn>M¥bn—2m+1)}

= alA(ca)x ® c2)X)-

Here we have used ® for the product in the tensor quiver 7'b and ) for 76 ) T'b. The
counitality equation for ev has to be proven for n = 0, where it reduces to counitality of
f°. The cofunctor ev preserves the augmentation, since all f € Ob Coder(a,Tb) do.

The following is a version of Proposition 3.4 of [Lyubashenko, 2003].

1.14. PROPOSITION. Fora € ncCat, b, ¢!, ... ¢? € V-Quiv with notation ¢ = T¢'X. - -KT¢?
the map

ncCat(c, T'Coder(a,Tb)) — ncCat(a X ¢, Tb),
Y r— (alec Y, o T Coder(a, Th) <% Tb)
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s a bijection.
We give a new

PROOF. An augmentation preserving cofunctor ¢ : ¢ — T Coder(a, T'b) is described by an
arbitrary quiver map ¢ = 1 - pr; : ¢ — Coder(a, T6) € A-mods-Quiv such that 7 - = 0.
Let ¢ : alk ¢ — Tb be an augmentation preserving cofunctor. We have to satisfy the
equation

Z(a X AW ev = (a K ¢) o, a€a’, cec.

k=0
It suffices to consider two cases. In the first one ¢ = 7(1,) for some g € Ob¢. Then the
equation takes the form (a)(gv’) = (aX¢)¢ which defines the cofunctor gi € ncCat(a, Tb)
in the left hand side.

In the second case ¢ € t?, d € Z, the equation takes the form

(@) +> (aBcAPF) ey = (aRc)p, aca’, ceT

k>2

Since 7 - ¢ = 0 the comultiplication A can be replaced with A. The structure of ¢ =
Tc¢! X -.- X Tc? is such that the component 1);, i, in the left hand side of

.....

(a)(c)Y = (aRc)p — Z(a X AR ey, aca’, cech. (1.9)
k>2
is expressed via the components 1;, ;. with smaller indices (j1,...,J,) in the product

poset N?. For ¢ € ¢(X, V)4, X = (Xy,...,X,), Y = (V,...,Y,), X;,Y; € Ob¢, find
n > 0 such that cA™*) = 0. Equation (1.9) determines a unique collection of maps
ctp € A-mod(a(U, V), ﬂ((U, X))o, (V, Y)(b))d. It remains to verify that it is a coderivation.
We have to prove that

(a)(c) Ay = () Aa[(- KX)o ® () (ct)) + ()(cth) @ (B Y ).

The case n = 0 being obvious, assume that n > 1. The sum in (1.9) goes from k£ = 2 to
n. Correspondingly,

n

(a)(c)A = (aA)[((Hea))¢@( He)dl—Y_[(aA)R(cid@- - -@czth) Ar coder] Ti2s) (ev @ ev).

k=2

Here according to Sweedler’s notation ¢y ® ¢y = cA. Similarly, ¢ ® -+ ® ¢ = cAKR),
Recall the middle four interchange [(a ® b) K (¢ ® d)|723) = (—1)*(a X ¢) @ (b K d). The

above expression has to be equal to

(@){(B1x)6@ [(Ke)p— D (B (

k=2

+ @) [ - Y (B(ad@- @) ev] @ (B}

S
®
®
x
£
=
=
——



FILTERED COCATEGORIES 1737

Canceling the above terms we come to identity to be checked

n

(@A)[(-Re1)p @ ((Res)d] = > [(aA) R (190 @ - -+ ® 1)) Ar coder] Ti23) (ev @ ev). (1.10)

k=2
The right hand side equals
n k-1
{(@) & [P e © ) Reard @ - © )] fres(evoey)
k=2 1=1
n k-1
= S| [ Rt e- @ ah)eve] B (el @ @ g ev)
k=2 i=1

where

(a)(eF) =) [aR(cid®---@ci)]ev = (a)(e) + ) _[aR(crd@- - @c))]ev = (aBe)o
i=1 =2

due to (1.9). Hence the right hand side of (1.10) equals (aA)[(-X¢1)¢ @ (-X ¢3)¢], which

is the left hand side of (1.10). "

Let a be a conilpotent cocategory and let b, ¢ be quivers. Consider the cofunctor given
by the upper right path in the diagram

a X T Coder(a, Th) X T Coder(Tb, T'c) <=5 Tb K T Coder(Tb, T¢)

| - l

ev

aX T Coder(a, T'c) > T'c

By Proposition 1.14 there is a unique augmentation preserving cofunctor
M : T Coder(a,Th) X T Coder(76,Tc) — T Coder(a, T'c).

Denote by 1 the unit object X° of the monoidal category of nilpotent cocategories, that
is, Ob1 = {x}, L(*,*%) = A. Denote by r : a1 — a and 1: 1 X a — a the corresponding
natural isomorphisms. By Proposition 1.14 there exists a unique augmentation preserving
cofunctor nyy : 1 — T Coder(76,7b), such that

r= (Tb K1 2 76 X T Coder(Tb, Tb) —— Tb).

Namely, the object * € Ob 1 goes to the identity homomorphism idr : 76 — T'b.
The following statement (published as [Lyubashenko, 2003, Proposition 4.1]) follows
from Proposition 1.14.



1738 VOLODYMYR LYUBASHENKO

1.15. PROPOSITION. The multiplication M is associative and n is its two-sided unit:

TCoder(a, T6)XT Coder(Tb, T¢)XTCoder(Tc, T) = TCoder(a, Tc)XTCoder(Tc, T?)

| &

TCoder(a, Tb)XTCoder(Th, T) TCoder(a, T)

The multiplication M is computed explicitly in [Lyubashenko, 2003, §4], see, in par-
ticular, Examples 4.2 there.

2. Filtered cocategories

Let I be a partially ordered commutative monoid with the operation + and neutral
element 0. Of course, we assume that a < b, ¢ < d imply a + ¢ < b+ d. The subsets

L,={leL|l>0}
L. ={leL|l<0}

are submonoids. Clearly, Ly NL_ = {0}. We require that
L,,={lelL|l>0}=L,—-0
were non-empty. We assume that L satisfies the following conditions:
(i) for all a,b € LL there is ¢ € L such that a < ¢, b < ¢ (that is, (L, <) is directed);
(ii) for all a,b € LL there is ¢ € IL such that ¢ < a, ¢ < b (that is, L°P is directed);
(iii) for all a,b € LL there is ¢ € LL such that a + ¢ > b.

This generalizes the assumptions of [De Deken, Lowen, 2018]. If L is a directed group
(satisfies (i)), then LL satisfies (ii) and (iii) as well for obvious reasons.

The symmetric monoidal category of Z-graded abelian groups (with the usual signed
symmetry) is denoted grAb. An L-filtered graded abelian group is a Z-graded abelian
group M together with, for every [ € L, a graded subgroup F'M such that a < b € L
implies that M D F°M and U, 5'M = M. The symmetric multicategory m of
[L-filtered graded abelian groups is formed by polylinear maps of certain degree preserving
the filtration:

grA/\bL(Ml, ..., M,; N)? = {(polylinear maps f : M* x ... x Mbr — Nht-thatd) |
| (SI'ZIM{CI oo X gflann)f C :}'l1++lnNk1++kn+d}
n > 1. The sign for composition is the same as in [Bespalov, Lyubashenko, Manzyuk, 2008,

Example 3.17]. This multicategory is representable [Bespalov, Lyubashenko, Manzyuk,
2008, Definition 3.23] (see also [Hermida, 2000, Definition 8.3]) by a symmetric monoidal



FILTERED COCATEGORIES 1739

category which we denote grAb;. This follows from a similar statement for the closed

multicategory Ab of abelian groups. One deduces the tensor product of a family M,
..., M,, n>1, as the tensor product of Z-graded abelian groups M;, equipped with the
filtration [De Deken, Lowen, 2018, (2)]

FHRP M) = Im(Dy, i @y FiM; — @7 M;). (2.1)

Thus, m(Ml, ..., My; N) is naturally isomorphic to grAb; (M ®---®@ M,,, N) forn > 1
(more in [Bespalov, Lyubashenko, Manzyuk, 2008, Theorem 3.24]). The unit object is Z,
concentrated in degree 0, equipped with the filtration

Fly Z, iftl1<0,
B 0, otherwise.

We define g/rAFL(; N) as grAby (Z, N) in order to keep representability.

The monoidal category grAb; is symmetric with the signed symmetry of Z-graded
abelian groups. Furthermore, it is closed. In fact, let M, N € grAb; . Associate with them
a new graded LL-filtered abelian group grAb; (M, N') with

FlgrAby (M, N)* = {f € grAb(M, N)* | VA € LVk € Z (F*M*)f ¢ FATINFHIY
the inner hom. The evaluation
ev: M ®grAb (M,N) —- N, m® f+— (m)f,

is a morphism of grAb;, and it turns grAb; into a closed symmetric monoidal category.
Indeed, let ¢ : M ® P — N € grAb,. To any p € P? d € Z, assign a degree d map
P(p): M — N, m— ¢(m®p). If pe FP then ¢(p) € FlgrAby (M, N)?. Hence a map
¥ P — grAby (M, N) € grAb; such that

N

M@ P

o =
ev

M ® grAby (M, N)

Vice versa, given v one obtains ¢ as the composition (1® 1) -ev. The two maps ¢ <— ¥
are inverse to each other, and grAb; is closed.
According to [Bespalov, Lyubashenko, Manzyuk, 2008, Proposition 4.8] the sym-

metric multicategory grAb; is closed as well. It is easy to describe the inner hom

gTAE(Ml,...,Mn;N) € ObgrA/\b]L via

S"lm(Ml, ..., M,; N)? = {(polylinear maps f : Mf* x ... x Mk — Nkt-thatd) |
| (FUMP x o x Flnphn) f ¢ Fhttintl kit thntd),
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The corresponding evaluation is
ev: M, ..., My, grAb (M, ..., My;N) = N, (ma,...,mp, f) = (my,....mn) [

A commutative L-filtered graded ring A is a commutative monoid (commutative alge-
bra) in grAb; . Modules over A in grAby are called L-filtered Z-graded A-modules and are
identified with commutative A-bimodules (for short, A-modules). In examples of interest
(see Example 2.10) A is 2Z-graded, so the commutativity issues for it are the same as in
the non-graded case.

Due to condition (i) a filtration (F*M*)yc on the graded k-th component M* viewed
as a basis of neighborhoods of the origin defines a uniform structure on M* with the
entourages {(x,y) € M x M | x —y € F*M*}. Standard properties of uniform structures
are listed in [Bourbaki, 1971, Chap. II, §1, §2].

2.1. PROPOSITION. With the above uniform structure

(a) An element of grAby (M, N)¢ is a family of uniformly continuous maps M* —
Nker.

(b) Each f € grAby (M, ..., M,; N)¢ is a family of continuous maps f : Mf* x - x
Mkn — NFitothatd qphere M N* are given the topology, associated with the uniform
structure [Bourbaki, 1971, Chap. II, §1, n. 2, Definition 3].

(c) If L =1L,, then each f € grAby (M1, ..., M,; N) is a family of uniformly contin-
wous maps f: M* x -+ x Mbn — Nkitthotd

PROOF. (a) Let f € FlgrAby (M, N)?. For any h € L there exists A € L such that [+)\ > h
by condition (iii). Then for arbitrary points z,y € M* such that x —y € FAM* we have
F@) = Fly) = fla—y) € TN © ghykid,

(b) Fix a point (y1,...,%n) € M* x---x M. There are ¢; € L such that y; € F¢ M.
For an arbitrary A € L take A\; € L such that

)\i>ci7 )\Z+ZCJ>)\

Consider the neighborhood of y;

{LL'Z‘ € Mlkz Ty — Y; € ?AlMZkl} C gjc’Mlkz

For x; from this neighborhood the element f(xy,...,x,) is in neighborhood of f(y1,...,y.),
namely,

flor, oo xn) — flyr, o osyn) =f(X1 — Y1, 20, .o T0) + f(Y1, T2 — Yo, X3, . .., Ty)
+'”+f<y17"'7yn—17xn_yn) €
€ Fhrteatten prk + FertAateatten Nk N Fertoten—1+An Nk — gANE (2‘2)

where k =k +--- + k,, + d.

(c) For any A € L and any points (z1,...,2Zn), (U1, Y) € MI* X --- x Mk if
T — 1y € FAMF 1< i< n, then f(xy,...,20) — f(y1, ..., yn) € FANFHFhntd similarly
to (2.2). "
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2.2. COMPLETION OF A FILTERED GRADED ABELIAN GROUP. The notion of complete
filtered abelian group is a particular case of a complete uniform space [Bourbaki, 1971,
Chap. II, §3, n.3, Def. 3]. There is the notion of separated completion (from now on
completion) M= (]\Z/k) of a uniform space M = (M*) [Bourbaki, 1971, Chap. II, §3, n.7,
Th. 3]. Tt consists of minimal Cauchy filters on M = (M*) [Bourbaki, 1971, Chap. II,
§3, n.2]. It is known that any Cauchy filter F' contains a unique minimal Cauchy filter F'
[Bourbaki, 1971, Chap. II, §3, n.2, Prop. 5|. A base of the filter F' can be obtained as a
family {A+J*M | A € B, XA € L}, where B is a base of the filter F.
Consider now the graded abelian group M= limyepor (M /F*M) equipped with filtra-
tion
FM = lim (M + M) /TM). (2.3)
We understand the first limit as terminal cone on the functor IL°P — grAb, A — M/F*M.
In our assumptions the non-empty subsemigroup L, ; is a final subset of poset L. Hence,
limyepor (M/FAM) = limyeper (M/ FAM). We are going to prove that M coincides with

M. Until done we distinguish the two notations.

2.3. PROPOSITION. When 1L satisfies condition (i), the filtered graded abelian group M
1s complete.

PROOF (SEEMS KNOWN). It suffices to look at a graded component of M which we still
denote M. The definition of completeness can be given also via Cauchy nets, namely, we
have to prove that any Cauchy net in M converges. A net is a mapping z : D — M =
limyepor (M/FAM), d — 2% = ([24])rcr, where D is a preordered directed set. Classes
[z4] € M/F*M lift to elements x¢ € M such that for any d € D and for all a < b € L we
have z¢ — z§ € F*M. The net z is Cauchy iff for every [ € L there is N = N(I) € D such
that for all n,m > N € D we have 2" — 2™ € F'M. The last condition reads: for every
A € L we have 2% — 2§ € FIM + F*M.

Let x as above be a Cauchy net. Consider the collection y = (y) & (xiv()‘)) reL. Let
us show that y € M. Recall that for a < b € L there is N € D such that N > N(a),
N > N(b). Then y, = Y mod F*M, y, = ¥ mod F*M, 2 = 2}’ mod F*M. Hence
Yo = Yp mod F*M and y € M. Tt follows from the condition in the first paragraph that
x converges to y, thus M is complete. n

2.4. PROPOSITION. When L satisfies condition (i), the separated completion M of a
filtered graded abelian group M coincides with M. The filtration

FM={FeM|30cAcF ACTM}, lecL,

on M identifies with filtration (2.3) on M.

PROOF. The canonical mapping ¢ : M — M is uniformly continuous since for z € Sfl]\/{
we have i'(z) € F'M. Moreover, the filtration on M is a preimage of the filtration on M
hence preimage of the filtration on its subset 2 (M). In fact, the image '(z) of z € M is
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i/n\&'”lﬁiff for all A\ € L we have z € FIM+F*M. For A = [ we get z € F'M. Furthermore,
M is separated. In fact, if x = ([z)])reL belongs to all F*M then ) € FIM + F*M for
all [, € L, hence, z\ € F*M for all A € L, that is, z = 0. - -

Let us prove that the image 4" (M) is everywhere dense in M. For any x = ([x,]) € M
and any [ € L we have to provide an element y € M such that z — i'(y) € FM. The last
condition reads: for all A € L. we have x) —y € F'M +F* M. Take y = z;. By assumption
for all [, A € L there is ¢ € L such that [ < ¢, A <c. Hence, zy —y=2)— 2.+ 2. — 21 €
FAM + F'M as required.

Now we can construct the following commutative diagram

where 7 : M — M is the canonical mapping, sending a point to the filter of neighborhoods
of this point. It is denoted by ¢ in [Bourbaki, 1971, Chap. II, §3, n.7, 2)]. The isomor-
phism M — 7(M)" follows by Propositions 12.1° and 13 of [Bourbaki, 1971, Chap. II,
§3, n.7]. The morphism g exists by Proposition 16 and it is invertible by Proposition 17
of [Bourbaki, 1971, Chap. II, §3, n.8]. The isomorphism h exists by [Bourbaki, 1971,
Chap. 11, §3, n.7, Prop. 13]. Hence an isomorphism f.

The filter O = #(0) € M of neighborhoods of 0 € M is a minimal Cauchy filter. It has
the base {F*M | A € L}. Filtration on M consists of

FM={FeM|IAcFNO A—AcCFM}
—{FeM|JAeFaIelL A>F M, A—-AcFM
—{FeM|30ecAecF AcFM}

[Bourbaki, 1971, Chap. II, §3, n.7, 1)] (since Cauchy filter F' is minimal, its base consists
of sets invariant under addition of F*M for some A € IL, which we may assume > [).
Both S"IM and F'M induce > on M the same subspace F'M via pull-back with bases
i: M — M and % : M — M [Bourbaki, 1971, Chap. II, §3, n.7, 2)]. The images
(M) C M, V(M) C M are dense [Bourbaki, 1971, Chap. II, §3, n.7, 3)], hence, filtrations

FN and F'M are taken to each other under the isomorphism f : M — M and its inverse.
]

From now on we do not distinguish M and M.
The mapping M — M extends to the completion functor = : grAb; — grAb; [Bogrbaki,
1971, Chap. II, §3, n.7, Prop. 15] in a unique way so that the maps %5, : M — M form
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a natural transformation. A filtered graded abelian group M is complete, when the
canonical map i : M — M is an isomorphism. The grAb; -category cgrAb; of complete
L-filtered graded abelian groups is a reflective subcategory of grAb,. This follows by
the remark that complete topological abelian groups form a reflective subcategory of
the category of topological abelian groups. Thus by [Borceux, 1994, Corollary 4.2.4]
(see enriched version at the end of Chapter 1 of [Kelly, 1982]) the completion functor
is an idempotent monad. In particular, for the unit of this monad Uar e M — M , the
morphisms 7'y, = Uar : M — M are inverse to the multiplication iy : M — M (cf.

[De Deken, Lowen, 2018, Lemma 2.24]). It follows from Appendix A that the reflective

subcategory cgrAb; is symmetric monoidal with the monoidal product M &N dof m )

The unit object is still Z. We extend the functor ®" : cgrAb]’ — cgrAb, to ®" : grAb} —
def =77 77

cgrAby via the same recipe ®;_, M; = @ M;.
2.5. PROPOSITION. Forn > 1 there is a natural transformation ¢™ : ?:1]\/4\1» — ®mi ;
grAb; — grAby .

ProOOF. Let M;, 1 < i < n, be filtered abelian groups. Let F; € M; be minimal Cauchy
filters in M;, 1 < i < n. Denote M = ®]_, M;. Define a basis B of a filter ' in M as

B={A1®A & - ®A,|ViA € F},

where A1 @ Ay @+ @A, ={11 @12, ® - ®@ux, | Vix; € A;}. Let us prove that F' is a
Cauchy filter. Given A\ € L, take for 1 < ¢ < n arbitrary elements a; € L, take A; € F;
such that A; — A; = {z —y | x,y € A;} C F%M,, take arbitrary elements y; € A;. Let
b; € L be such that y; € F%M,. Let ¢; € L be such that ¢; < a; and ¢; < b;. Then
A, C F4L since any x € A; can be presented as ¢ = v —y; +1y; € T4 M, +F M,; C FM,;.
Let \; € L, 1 < i < n, be such that

A+ Y e =
j#i

Let B; € F; satisfy B; — B; C 3% M;. Then theset S = (A, NB))®---®@ (A, NB,) € F
satisfies S — S C FAM. In fact, for z;,y; € A; N B; we have

TR QT = QY= (T1 —%)R22Q - @y + Y Q (T2 — 1) T3 X - R Xy
to @ QY1 ® (T —Ya) €
ETMM Q@TF2My® - @F M, + FM, @ T2 My @ FMs @ - @ F M, + . ..
+FM @ QTF M, @ F M, C F*M. (2.4)

The Cauchy filter F' contains a unique minimal Cauchy filter ' [Bourbaki, 1971, Chap. II,
§3, n.2, Prop. 5] and we define ¢" as a map sending F; ® --- ® F, to F. The outcome
does not depend on the choices made during the construction. In fact, axioms on L and
on filters ensure that two different choices F” and F” for F are contained in a third choice
F"" of Cauchy filter I, hence, for minimal Cauchy filters we have F’' = " = F".
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This is a well-defined mapping g%" from the free graded abelian group generated by
n-tuples (F1,..., F,) to M. One has

O"(Fy,...,F/+F/' ... F)=¢"(F,....F,....F)+¢"(F,...,F' ... F,)

if F},F!" € M’“ 1 <1< n, k€Z. Infact, sum of Cauchy filters G', G” is defined as the
ﬁlter G generated by A’ +A" A ed, A” eqG. Clearly, Gisa Cauchy filter. Thus, the
map ¢" factors through a well-defined map ¢" : @ M — Q1 M
Notice that o
¢ (@p, FNM;) C TR M.

In fact, let F; € F*M;, 1 <i < n. Thus, F}; is a minimal Cauchy filter such that there is
0€ A; € F;, A; C F*M;. Then
Q- QF,)2A QA +F' (M@ M,)
for any v € L. However, 0 € A; ® --- ® A,, and
A®- @A, CFUM @ @ F\M, C FUH (g | M,).
Hence, forv > A1 +---+ A\,

0EA® Q@A +F'(My @+ ® M,) C FN+ (@ M,).

Therefore, ¢"(F1 @ --- ® F,) € 3")‘1+"'+)‘”®@/[i.
Reasonings, similar to independence of choices show that ¢™ form a natural transfor-
mation. [

For n = 0 the version of ¢" is the isomorphism ¢° = @’ L= 7. The filtered abelian
group Z is complete due to non-emptiness of L, .. In fact, Z = limAeLier 7. = 7.

2.6. PROPOSITION. The pair (=, ¢*) : grAby, — grAby is a lax symmetric monoidal func-
tor.

PROOF. Naturality (in the ordinary everyday usage sense) of the construction of ¢™ leads
to required condition from [Day, Street, 2003], see also diagram (2.17.2) of [Bespalov,
Lyubashenko, Manzyuk, 2008]. m

According to [Bespalov, Lyubashenko, Manzyuk, 2008, Proposition 3.28] ¢* make
completion - also into a symmetric multifunctor grAb; — grAby .

2.7. PROPOSITION. The canonical mapping @ : M — M satisfies for n > 0 the equation

—

(M®-- M, My ® - ® M, —2 My@~@M,) = innenou, - (2.5)
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PROOF. For n > 1 we may consider a graded component of M;, a filtered abelian group,
which we denote again by M;. Take elements y; € M;. For some ¢; € L. we have y; € F% M.
The filter i(y;) € M; has the base formed by y; + F*M;, \; € L. Thus, the Cauchy filter
F with the basis (y; + FMM;) @ -+ ® (y, + F> M,,) contains the minimal Cauchy filter

P (i(y1) ® -+ ®@i(yn)) € My ® ---® M,. For any \ € L there are \; € L such that

i =G, )\Z‘—FZC]'ZA.
J#1

Using (2.4) we see that the last set is contained in ¢, ® -+ ®@ y,, + FA(M; ® -+ @ M,).
Hence, F' contains the minimal Cauchy filter of neighborhoods of y; ® - - - ® y,,. Therefore,
O"(i(y1) @+ ®W(yn)) =i(y1 ® - - - ® yp) by uniqueness of the minimal Cauchy subfilter.

The case of n = 0 is straightforward. [

2.8. COMPLETE A-MODULES. From now on, the graded commutative filtered ring A will
be complete.

For the moment V = A-mod;, means the category of LL-filtered graded A-modules for
a graded commutative L-filtered ring A. Morphisms are grading and filtration preserving
A-module maps. It is symmetric monoidal with the tensor product M ®, N equipped with
filtration (2.1), where, of course, ® has to be interpreted as ®,, not as ®z. The unit object
1 is A with its filtration. The category A-mody, is closed. In fact, let M, N € A-mody.
Associate with them a new graded L-filtered A-module A-mody (M, N) with

F'A-mody (M, N)* = {f € A-mod(M, N)* | VA € LVk € Z (F*M*)f c FAINFT}
the inner hom. The evaluation
ev: M ®p A-mody,(M,N) - N, m® f+— (m)f,

is a morphism of A-mody, and it turns this category into a closed symmetric monoidal
one. Proof is the same as in grAb; case. All definitions and notions of Section 1 apply
for this V. Note that the uniform space associated with the product [[.., M; in A-mody,
(over an infinite set I) differs from product of uniform spaces M;.

A A-module M is complete, when the canonical map 7 : M — M is an isomorphism.
The category of complete A-modules A-mod; is a full A-mody-subcategory of A-mody..

2.9. REMARK. Let (¢, A, ¢) be a cocategory. Then the completion ¢ equipped with the
e e A R e A N T T

comultiplication (¢ —— c¢®¢ N R ¢®¢) and the counit ¢ —— e = ¢ is a

cocategory over A with respect to monoidal structure ®, see Appendix A.5.1.

2.10. EXAMPLE. The universal Novikov ring

Apon(R) = { i a;Tie™

=0

Vz’aiER, )\Z'GR, niEZ, hm)\Z:oo}

1—>00
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contains a subring, the Novikov ring,

Ao o (R) = { D aiThe" € Aoy(R) | Vi A > o}

=0

The grading is determined by deg R = 0, degT = 0, dege = 2 [Fukaya, Oh, Ohta, Ono,
2009, §1.7 (Conv. 4)]. A, (R) is R-filtered according to [Fukaya, Oh, Ohta, Ono, 2009,
§1.7 (Conv. 6)]. The filtration is

F A pos(R) = T Ao ow(R), A ER.
Similarly, Agne0(R) is Rxo-filtered by
F*Nonow(R) = T Ao now(R), A € Ryy.

These rings are complete [ibid].

2.11. COMPLETE COCATEGORIES. The set-up of Appendix A applies well to symmet-
ric monoidal A-modg-category D = (A-mody-Quiv,X!) and its reflective subcategory
of complete quivers € = A-mod;-Quiv. According to Proposition A.1 the category €

is lax symmetric monoidal with the product @ielai = |Z/2€\1al The completion of a
filtered quiver a € ObD is given by the quiver a € Ob€ with Oba = Oba and
a(X,Y) = a(X,Y) for X,Y € Oba. Hence, 7 : a — a is given by the morphisms

7:a(X,Y) = a(X,Y), X,Y € Oba. Proposition 2.5 implies the existence of a natural
transformation ¢" : X a; — X  a;. According to Proposition 2.7 the equation

( 11K, A F—

QR Ra, o g ) R a, s ke Ray) = a8,

holds. Therefore, the conclusion of Proposition A.2 holds true and by Corollary A.3 we
find that € = (A-mod;j -Quiv, @1) is a symmetric monoidal A-mody -category.

Fix a (large) set S. Consider A-mody-category D = A-modp-Quivg and its reflective
subcategory of complete quivers € = A-modj -Quivg. We apply the results of Appendix A
to this situation as well. Again, the conclusions of Propositions 2.5 and 2.7 hold for
M; € A-mody-Quivg, hence, D = (A-mody-Quivg, ®’) and € = (A—modi—QuivS,@)I) are
monoidal A-mody-categories. In particular, the construction of Appendix A.5.1 applies.

It will be shown later that the following simple definition is equivalent to Definition 2.40
of [De Deken, Lowen, 2018].

2.12. DEFINITION. Let a be a complete filtered quiver and S a set. A morphism ¢ : 1S —
a € A-modj-Quiv is called tensor convergent if for every l € L and every X € S there
exists N € N such that for every n > N

[6(1x)]°" € Fla(pX, 9 X))
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2.13. LEMMA. If ¢, : 1S — ¢ are tensor convergent and Ob ¢ = Ob) : S — Obe¢, then
¢ + 1 is tensor convergent as well.

PRrROOF. Fix an element z € S and an element [ € L. Consider A € L, such that A > [.
Denote by Y the A-module ¢(¢ X, ¢pX). Let K € N (resp. M € N) be such that for every
keN, k>K (resp. m e N, m > M) we have ¢(1x)®* € FNY) (resp. (1x)%™ €
?A(Y‘gm)) Let ¢(1x)%* € S"Ck(Y®k) for 0 < k < K and let ¢ € Ly be such that c+c¢, > 0
for 0 < k < K. Let ¥(1x)®™ € F»(Y®™) for 0 < m < M and let b € L, be such that
b+bm = 0for0 <m < M. Let N € N (resp. P € N) be such that for every k € N, k > N
(resp. m € N, m > P) we have ¢(1x)®* € FMO(YEF) (vesp. ¢(1x)®™ € FHNYE™)). Set
Q =1+ max{K + P,N + M}. For any n > Q the 2" summands of (¢(1yx) + ¥ (1x))&"
are identified with one of the summands ¢(1x)®*@Y(1x)®%, a+d = n, a,d € N, with the
use of symmetry, preserving the filtration. If a < K, then d > P and

¢(1X)®a®¢(1x)®d c Fce (Y®a)®rfc+x(y®d) - ?A(Y@bn)'
If d < M, then a > N and
¢(1X)®a®@/)(1x)®d c 3:A+b(y®a>®3~bd(y®d) - ?A(Y&Zm)‘
It remains to consider the case a > K, d > M. Then
¢(1X)®a®¢(1x)®d c ?A(Y@)a)@&rk(}/@d) - FQA(YQA@H)‘
Hence, (¢(1y) +¥(1x))%" € FAYO)  F(YEm), n

2.14. REMARK. For any map f : () — S and tensor convergent ¢ : 1S — a the map
1f - ¢ is tensor convergent as well. For any morphism ¢ : a — b € A-modj -Quiv and any
X € S the map ¢%" : a(¢X, pX)®" — b(gpX, gpX)®" is in A-mod?, hence, ¢ - ¢ is tensor
convergent as well.

2.15. DEFINITION. Inspired by Definitions 1.4, 1.6, 1.7 we say that a completed conilpo-
tent cocategory € = ¢ is a completion (as a filtered quiver) of a conilpotent cocate-
gory c. It is itself a cocategory (with respect to @) equipped with the comultiplication

A; = (¢ N @&)E/@Tﬁ = t®¢), the counit &g = & : ¢ — A¢ = Ac and the
augmentation n; = N, : Ac = Aé — ¢, see Appendiz A.5.1. Morphisms of completed
conilpotent cocategories (cofunctors) f : B — € are morphisms of A-modj -Quiv compat-
ible with the comultiplication and the counit in the sense of (1.2) (with ® replaced with
®) such that ng - f — Lf - ne : 1B — € is tensor convergent. In their set-up De Deken
and Lowen introduce another notion — qA-functors [De Deken, Lowen, 2018] (which
turns out equivalent to cofunctors, cf. Proposition 2.28) in analogy with qdg-functors of
[Polishchuk, Positselski, 2012]. The category of cofunctors between completed conilpotent
cocategories is denoted cncCat. The category with augmentation preserving cofunctors
between completed conilpotent cocategories (g - f = L f -ne, see (1.3)) is denoted acncCat.
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2.16. REMARK. The composition of cofunctors f : a — b and ¢ : b — ¢ is a cofunctor
itself. Indeed,

Na-f-9g—Uf-g) ne=na-f-g—0f -n-g+1f-n-g—1f -Lg-n
=Me-f—=0f-m) - g+1Lf-(np-9g—1g-n):La—c.

Both summands are tensor convergent by Remark 2.14 and induce the mapping Ob f-Ob g
on objects. By Lemma 2.13 the map 7,- f-g—1(f-g)-n. is tensor convergent. The identity
morphism is a cofunctor. Thus, there is a category of completed conilpotent cocategories
cncCat with cofunctors as morphisms.

2.17. LEMMA. Let ¢ : 1.S — b, ¢ : 1Q) — 0 be morphisms in A-modj-Quiv and let ¢ be
tensor convergent. Then ¢Xip : L(S x Q) = LSKLQ — bXWD is tensor convergent.

PROOF. Let X € S,Y € Q. We have 1y € FO(1Q(Y,Y)), hence, ¢(1y) € F'd(¢Y,9Y)).
Therefore, ¥ (1y)*" € FO[p(vY, Y )®"]. Thus, for n large enough

(6R) (1xK1y)]%" = ¢(1x) "R (1y)*" € F[b(p X, X)) RF[(pY, Y )]
C FH[b(oX, pX)KD(YY, $Y)]*"},

that is, qﬁ@zﬁ is tensor convergent. [

By Proposition 1.10 the category acncCat is monoidal with respect to X. Furthermore:
2.18. PROPOSITION. The category cncCat is monoidal with respect to X.

PROOF. First of all, the @—product of morphisms of complete quivers, which preserve the
grading and the filtration, preserves them as well. Secondly, let f : 2 — B, ¢g: € - D
be morphisms from cncCat. Then

(naBne) - (fRg) — (1fR1g) - (nsNne) = nafRneg — 1fnsR1gno
= (naf — 1 fne)Xneg + 1 fneX(neg — Lgne) : 1AKLE — BXD.

By Lemma 2.17 both summands are tensor convergent. Both include the mapping Ob f x
Ob g on objects. By Lemma 2.13 their sum is tensor convergent, hence, fXg is a cofunctor.
]

If cofunctor f : a — b € ncCat, then f . 4 — b € acncCat. Thus, completion induces
a functor ncCat — acncCat.

2.19. ExamPLE. Consider L = {0, 0o} with the neutral element 0 and the rules 0 < oo,
0o + 0o = o0o. Any abelian group M is equipped with the L-filtration 3°M = M,
F*M = 0. Such a filtration is called discrete by [De Deken, Lowen, 2018, Examples 2.4,
2.17, Remark 2.8]. The canonical mapping of L-filtered abelian groups 7 : M — M is
an isomorphism. The same for graded abelian groups M. We have A-mod; = A-mod
for an arbitrary graded commutative ring A. A morphism ¢ : 1.5 — a € A-mod-Quiv
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is tensor convergent if for every X € S there exists N € N such that [¢(1x)]®N = 0.
The category cncCat has the same objects as ncCat, but larger sets of morphisms. For

f:a— b€ cncCat the map n, - f — 1 f -n, is tensor convergent, while for f € ncCat it is
0.

Completion of A-modules commutes with direct sums in the following sense. Let M,

N be filtered A-modules. Their direct sum is determined by the diagram M % M@

iny

pr.
N <:2> N with the standard relations between pr; and in;. The same relations hold in

ing
the completion M % Ma&N <p—;> N. Therefore, MaoN=MaeN.
ing ing

Applying to the conilpotent cocategory T'a from Example 1.8 the completion construc-
tion of Section A.5.1, we get a functor 7- : A-modp-Quiv — acncCat — Coalg,

mg(?ﬁfQuiv'
The decomposition T'a = T<"a & T>"a, n > 1, implies the decomposition T'a = T<"a ¢
T>"a.

2.20. REMARK. Recall that T'a is also a (free) category with the composition y, and T>"a
is its ideal. This can be expressed as the existence of top arrow p' in the commutative
diagram

!
T?"a® Ta s T?"q

J ]

Ta®Ta—t— Ta
where ¢ is the split inclusion, and by another similar diagram. Completing this square to
the right square in

— . —— ‘7:/8?'7:71 — /;\/ —
T>ra@Ta — T?"a @ Ta —— T>"q

?®1£ 7@71{ ) I?

—~—1
Qi — i

Ta®Ta ——— Ta® Ta —— Ta
we get a commutative diagram. Thus, T>ma is a two-sided ideal of (T\a, t)-

2.21. REMARK. Consider A-modp-category D = A-modp-Quiv and its reflective sub-
category of complete quivers € = A-modj-Quiv. Let 2 be a completed conilpotent
cocategory and let b be a filtered quiver. The obvious embedding of uniform spaces
(pr)kz0 : Tb —— [],5, 0%, where the product is taken in D, leads to embedding of

completions Tb C Hgo\b@k = [Li0 @, see [Bourbaki, 1971, Chap. II, §3, n.9, Cor. 1].
For the last equation just notice that limits commute with limits. Therefore, we have
injections

(- BT )eso : encCat(2A, Th) s B(2A, Tb) < (2, [[ vo%) = [T €, 65F),  (2.6)

k>0 k>0
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Where the first product is in € and the second in Set. The completion Tb of @k>ob®k =
[0 6% b%F coincides with the closure of this subspace of the complete space. [Tis0b ok

Hence, Tb consists of elements of certain degree x = (zo, 71, 72,...) € [[120 b%* such that

for every | € L there is n € N with the property that for all & > n we have z;, € F'b®*.
We may say also that the series ) ;- x; converges. This is equivalent to the previous
condition since z belong to different direct summands.

2.22. LEMMA. Let a, b, ¢, 0 be complete quivers. Let fr,:a — b, k € N, and g,, : ¢ = 0,
m € N, be morphisms of filtered quivers. Assume that series [ = ZkeN fr (resp. g =
> wen Om) pointwise converges, that is, for each x € a®, d € Z, (resp. y € &, p € Z)
and for every | € I we have fy(x) € F'b (resp. gm(y) € FD) except for finite number
of terms. Then the tensor product f@g : aXc — bXD is the sum of pointwise convergent
series ijmeN [xXg,., that is, for any v € a?, y € &, d,p € Z, and any | € L. we have

fk(x)@gm(y) € 3”(5@0) except for finite number of terms.

PROOF. For any [ € L consider any decomposition [ = I’ + 1", I',)l” € L. Let z € a,
y € ¢, d,p € Z. There exists K € N such that fi(z) € F“(b) for all k > K. Consider
cr € Lfor k < K, k € N, such that fi(z) € F*(b). There is \” € L such that \" > 1"
and ¢, + N\ > [ for all k < K. There exists M € N such that g,,(y) € 3" (d) for all
m > M. Consider b, € L for m < M, m € N, such that g,,(y) € F= (). There is X' € L
such that N > 1" and N +b,, > [ for all m < M. There exists N € N such that N > K
and fi(z) € F¥(b) for all k > N. For all pairs (k,m) € N? except such that k¥ < N and
m < M we deduce from the above that fi(z)Xg,.(y) € F(6Xd). "

2.23. THEOREM. (i) Let A = a be a completed conilpotent cocategory and let b be a filtered

quiver. Cofunctors to the completed tensor cocategory T'b are in a natural bijection with
the subset of quiver morphisms

cncCat(Ql,ﬂ) 2 {¢p: A — bel |79 : AOb2A — b is tensor convergenty, f > f-pry.
(i) There is a natural bijection
acncCat(Ql,ﬂ) ~{p:A—>beCln-¢p=0}, [~ f-pr.

PROOF. (i) First we remark that the corestriction f - pr, of any morphism f : 2 — Tb e
cncCat is uniquely determined by the composition f = f - pry - A — be A-mod; -Quiv as
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the following commutative diagram shows

(2.7)

A(k)

In fact, the obvious equation

pr, = (Tb 225 Tpo P, v b™")

implies commutativity of the exterior of the diagram

—_—

To — " s Th Pr , pOF

__ Al __
Ak) = Ak \L'@@k
=/\ —

— ® — — Rk =
Teek 1 Tpek N et P ek

Therefore the trapezium commute which is the upper right square in diagram (2.7).
So given ¢ : A — b € C such that n-¢: AObA — b is tensor convergent, let us prove
that f:2A — Tb with Ob f = Ob¢ and for any element x € A%, d € Z, the value of f(z)

given by the (convergent) series

sz L6k = i ()@ B Plag)

k>0 k=0

= (z)e - (1) ing+ Y i 'o(x)® - i p(zw), (2.8)

k>1

is a cofunctor. Here z(® - Q) = AW (z). Convergence means that for every [ € L

the k-th term except for a finite number of terms belongs to Fp&k and will be proven
now.

Assume that 2 = a where the cocategory a is conilpotent and ¢ : 2 — b € € is such
that 7y - ¢ tensor converges. Replacing a with the conilpotent cocategory i(a) we may
assume that 7 : a < a is an embedding. We have to prove that (2.8) converges for all z €
A%, It suffices to assume that = € A(X,Y)?. Use the notation ;)& - - - @) = Ag) (x).
The counital comultiplication A is recovered from the reduced comultiplication A via the

formula
S+o

k ~ i€k ici
AP () = D @ (=) N, (2.9)

7:S—k
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where 3% = ny(1), y' = y, and the summation extends over all non-empty subsets S of
k ={1,2,...,k}. By convention, Ag)x = 1.

Assume for a moment that z € a?, hence, for some n > 0 Aﬁ")(x) = 0. So the
summation in (2.9) goes over S with |S| < n. The list of tuples of objects X =
2o, 21,y L1, Zm = Y, which occur in

Ar(z) € @z, 2, (X, Z1) @ (21, 2) @+ @ &(Zpy—1,Y)

-----

for 1 < m < n, is finite. Form a single list 73, ..., Z, of Z; occurring in all such decom-
positions and denote Y, = 6(¢Zq, ¢Z,;) € A-mod;. Let P € N such that for every p € N,
p = P, we have ¢n(1z,)*" € FO(Y,*F). Let b, € L be such that ¢n(1z,)*? € F»(Y,2?) for
any 1 < ¢ < @ and any p < P. Let b < b, for all p < P. Let ¢ € L be such that all
factors x(; of all summands of all A (z), 0 < m < n, belonging to a(Z;_,, Z;), were, in
fact, in Fa(Z;_1, Z;). There is A € L such that (n — 1)c+nb+ X\ > [. Thereis N € N
such that k& > N implies ¢n(1z,)®* € FNY,2*). When k > nN at least one factor of this
type occurs in A (z). Hence, for k > nN we have ¢®*A®) (z) € FNb(pX, ¢Y)).

Consider now an arbitrary € A(X,Y)?% Given [ € L there is an element 2’ €
(X, Y)? such that = — 2/ € FA(X,Y)% Then for all k > 1 we have ¢%¥(A{z) —
il (AP )] € F(6%F). Since ¢=F(AF 2') € F1(6%F) for large k we deduce that ¢¥F (AL z)
€ F1(b%F) which proves the convergence of (2.8) and gives a well-defined map of filtered
quivers f : 2 — Tb with Ob f = Ob¢.

Let us prove that f is a morphism of cocategories. Due to coassociativity of Ag we
may write a convergent series

m,neN

@) f A= > 6"(AM )@ (AM ). (2.10)

keN m+n=k

Variant of Lemma 2.22 for @ gives another convergent series

(@A (fO&f) = > 6" (AMzq)@¢ " (AM )

m,neN

with the same terms as in (2.10) but with different summation order. Since the sum of a
series convergent in our sense does not depend on the order of summation, we conclude

that f-A=A-(fQf).
The morphism f preserves the counit due to (2.8):

fre=f-prg=c-(1¢) = (Lf).

The map f is a cofunctor since

(1x)mec - f = (Ix)Lf -ing i =Y [gn(1x)]%F.

k>1
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By definition, for any [ € L, there exists N € N such that for every n > N we have
[pn(1x)]®™ € F'[6%7]. Clearly, all terms of

(L) f — (Lx)Lf - ing 1] = [Z[¢n(1x)]®k] n

k>1
are in F? [TA[J] Summing up, a map
U:{p:A—=beC|n-¢: AObA — b is tensor convergent} — cncCat (%, ﬂ)

is constructed. . R
Let us prove that for any cofunctor f : A — Tb themapn-f=n-f-pr; : 1A = b
is tensor convergent. We know that ny - f — 1f -ing-2 : 1A — Tb is tensor convergent.
Therefore, (ng - f — 1f -ing i) - pr; = 7 - f is tensor convergent by Remark 2.14. Thus,
the claimed map ® : f — f is constructed.
Clearly, ®¥(¢) = ¢. In particular, ® is surjective. As the reasoning at the beginning
of the proof shows, injection (2.6) factorizes through ®, namely, (--pry)k=0 = ® - =, where

=8, 0) s JIe@,055), ¢ (AP - 6%)0.
k>0

Therefore, ® is an injection as well. We conclude that & is bijective and ¥ = ®~1,
(ii) follows from (i). =

2.24. COROLLARY. Let a be a conilpotent cocategory and let b be a filtered quiver.
(i) Cofunctors to the completed tensor cocategory Tb are in a natural bijection with
the subset of quiver morphisms

cncCat(a,ﬂ) ~{p:a—=beC|n-¢: AOba— b is tensor convergent}, f— f-pry.
(ii) There is a natural bijection
achCat(El,ﬂl) ~{p:a=becCln-¢=0}, f—f-pr.

PROOF. Follows from Proposition 2.1(i) and Theorem 2.23 by universality property of the
completion. [

2.25. DEFINITION. Let a € ncCat, B € cncCat. A cofunctor f : a — B is a morphism
from A-modp-Quiv compatible with the comultiplication and the counit in the sense that

f

a > B a— B
AJ/ = lA , EJ/ = ls (211)
rof i —— Af
aRa——BRIB —BRDB Aa ———— A8

and such that n, - f — Lf - ny is tensor convergent.

An explanation of the above is given by
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2.26. PROPOSITION. Let a € ncCat, B € cncCat. The restriction and universality of the
completion give mutually inverse bijections

cncCat(a,B) «— { cofunctors a — B}.

PROOF. Diagrams (2.11) for f =7 : a — a take the form of left rectangles below

a N’ 7 |

a®a 909 %@‘B Aa Ag

(2.12)

and they obviously commute, proving that 7 : @ — a is a cofunctor. The restriction map
is encCat(a,B) — { cofunctors a — B}, g —i-g.
The inverse map is constructed as follows. Let f : a — B € A-mody-Quiv satisfy

(2.11). Then there is a unique g = f:a— B e A-mod.-Quiv such that f = (a 5
a %). If f is a cofunctor, the exterior rectangles of (2.12) commute. By universality
property of 7 : a — a, the right squares of (2.12) commute as well. n

Introduce the notation T'a = Ta. We have shown in the above proof that any cofunctor
f:Ta — Tb factorizes as f = (Ta KN PRER Tb) for a unique f € cncCat(T'a, 7). The
components of f and f,

in

o>

by Ta L Tp 2
f

fr=(T"a
fk: (ﬁ il TC(

),

T 2L ),

are related by f, =i - fi as well.
2.27. REMARK. It follows from Remark 2.21 that the series

Zprk mk—Z(Tb P, Tk mk\Tb)

=0

converges to Id,.

We use this remark in order to write down components of the composition h = (T als

76 2 Tc) We have by (2.7)

. - ~ ~ —~
=Y (T'a % Ta Lo To 25 Tho % 75 2 Te s ¢)
k=0
- (k) iRk A =yt SN _
= Z(T a —> Ta A_> (T )®k’ f N b®k LN b®k i® b@k 9k E)
k=0
k>0 -
S ®®fi, A . Oy N 5 R
= Z (Tla fiy ®-®fiy gk i, @k I p&k 9k, c). (2.13)

i1+ Fip=l
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2.28. PROPOSITION. Let a, b be filtered quivers and let f : Ta — Tb € A-modj -Quiv
be compatible with the comultiplication and the counit. Then f is a cofunctor iff fo =
ing - f - pry : La — b is tensor convergent.

PROOF. Assuming that fo : Ta — b is tensor convergent, we find due to diagram (2.7)
that 07, - f — Lf -1 = Donso (‘?" : 1a — T'b and the series in the right hand side is
convergent. Furthermore, the series in the right hand side is tensor convergent. Therefore,
if fo is tensor convergent, then f is cofunctor.

Assuming that f is a cofunctor, we see that by definition y = 75, - f — Lf - 0y -

la — T>'b is tensor convergent. From (2.8) we obtain that y = > _, g@". The series

fo = Zm>0(—1)m_1y®m : La — T>'b converges. Let us compute the sum:

~ m,ij>0
S CTO3Y M 37 I S )
m>0 n>0 k>0 i1+-+im=k

Notice that the coefficient near ¢* in expansion (5)™ = t™> 22 (=1)%*(7") equals

(:—_nl@) for k > m and vanishes if k& < m. Therefore,

k
fo=D 0"y (=)t (,f __;) = fo+ DS = fo

k>0 m=1 k>1

We conclude that fo = f{ is tensor convergent. By the way, one can show that the both
compositions of the maps fy +— y, y — fo are identities. [

This proposition shows that in the set-up of De Deken and Lowen ¢A.-functors
[De Deken, Lowen, 2018] are the same as cofunctors.

2.29. COROLLARY. Let a, b be filtered quivers and let f : Ta — Tb € A-modi-Quiv be
compatible with the comultiplication and the counit in the sense of diagrams (2.11). Then
f is a cofunctor iff fo =1ing-f - pry : La — b is tensor convergent.

2.30. CODERIVATIONS.

2.31. DEFINITION. Let f,g: 4 — B € cncCat. An (f, g)-coderivationr : f — g : A —
B of degree d and of level \ is a collection of elementsr € F*A-mody (A(X,Y), B(fX, gY))4,
which satisfies the equation v+ A = A - (f&r +r®g).

Let 2,8 € cncCat. The coderivation quiver Coder(2,B) has cofunctors f : A —
B as objects and the component F* Coder(2(,B)(f, g)¢ of the filtered graded A-module
Coder(2,B)(f, g) consists of coderivations r : f — g : A — B of degree d and of level \.

2.32. PROPOSITION. Let b be a filtered quiver and let f,g : A — Tb € cncCat. (f,g)-co-

derivations v : f — g : A — Tb of degree d and of level A are in bijection with the
collections of morphisms 7 = r - pr; € F*A-mody (A(X,Y),b(fX,g9Y))4, X, Y € ObA.
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PrOOF. The commutative diagram

~

shows that the composition 2 - Th < | P boF is given by the family
k FRa A« A Rt 0
(A >0 [Heres™) L,

Due to coassociativity of Ag this equals Aélg ). (fRr®g) - ,u%?, which clearly lies in Tb.
Thus,
r=AY - (férdg) - pl) (2.14)

is unambiguously determined by the collection # = r - pr; : A(X,Y) — b(fX, gY).
On the other hand, the right hand side of (2.14) is an (f, g)-coderivation as the fol-
lowing computation shows

z(r-A) = (1’(1)®$( Y& 3))[(f - gl + (2@ @z @)@ 3)) [fOFR(g - A)]

A)RF®
= (zq) ®I(2)®JC zw) (f ® f@F@g) + (z(1)®2 2R3 ®x(4))(f®f®g®g)
®$(2) )(f ® + (¢ ®f€ ®9 (zA)(fér +rdyg).

It remains to note that f and g preserve the filtration and the grading. n

2.33. COROLLARY. Let a € ncCat, let b be a filtered quiver and let f,g : a — Tb €
cncCat. (f,g)-coderivations r : f — g : a — Tb of degree d and of level \ are in
bijection with the collections of morphisms ¥ = r - pr; € FA-mody (a(X,Y), b(fX, gY))?,
X, Y € Oba.

PROOF. Follows from Propositions 2.1(i) and 2.32 by universality property of the com-
pletion. [

2.34. DEFINITION. Let a € ncCat, B € cncCat, and let f,g : a — B be cofunctors in
the sense of Definition 2.25. An (f, g)-coderivation r : f — g : a — B of degree d and of
level X is a collection of elements r € FAA-mody(a(X,Y), B(fX, gY))?, which satisfies
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the equation

a >

Al = l (2.15)

10l goB s BB

The filtered A-module of (f, g)-coderivations is denoted Coder(a,B)(f,g).
The reason for introducing this definition is given by the following

2.35. PROPOSITION. Let a € ncCat, B € cncCat, and let f,g : a — B be cofunctors.
They can be represented as f =i f', g =1-¢" by Proposition 2.26. Then the map

Coder(a,B)(f’, ¢') — Coder(a,B)(f,9), r— i =, (2.16)

1 a biyjection.
PRrooF. Take r" € Coder(a,B)(f’,¢'). Then the rightmost quadrilateral (trapezium) in
the following diagram commutes:

A ~ T

a a s> B

T

Q00— aRd—— s aRa M@ (2.17)

;
ey i

B RB

Therefore, the whole diagram commutes and map (2.16) is well-defined.

On the other hand, any map r € F*A-mody (M, N)? takes F'M* to FHANk+H We
are interested in M = a(X,Y), N = B(fX,gY). By Proposition 2.1(i) r : M* — N*+d
are uniformly continuous for all £ € Z. Therefore, these maps factorize as r = (M kel
ME 2 N™4). Clearly, ' € F*A-mody (M, N)? and r = i -+'. The exterior of (2.17)
commutes. Thus, the biggest rectangle in (2.17) commutes./Hﬂce, the right rectangle

commutes. Equivalently, the trapezium with vertices a, ..., 8 ® B commutes, that is, 7’
is an (f’, ¢')-coderivation. =

2.36. COROLLARY. Let a € ncCat, B € cncCat. Then the filtered quivers Coder(a,B)
and Coder(a,B) are isomorphic.

When we write 7 : f — g : A — B we mean r € F* Coder(T'sA, Tsﬂ%)(f, g)¢ for some
d € Z and ) € L. Suppose that & : T'sB — T'sC is a cofunctor. Then for r as above there
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is a coderivation rh € F Coder(TsA, Ts€)(fh, gh)?, whose components are found as
k,m>=0

(rh), = Z (Tlsfl

i1+ttt im =l

fiy ® - ®fiy, OT1®9jy © O (sB)k+1+m)

— 1
(SB) B(k+14m) FEHHT ; (SB) (k+1+m) Rki14m E),

due to Proposition 2.32, Remark 2.27 similarly to (2.13).

Suppose now that besides 7 € Coder(TsA,TsB)( 1, g)d we have a cofunctor e :
Ts@ — TsA. Then we have also a coderivation ef : ef > eqg: C — B, er €
F> Coder(T'sC, TsB)(ef, eg)?, whose components are given by

k>0 1 _ R
(i = > (T'se 2% (A)=h Ly (sA)P 2 L () T )
i1+---+ik=l

due to Theorem 2.23, Remark 2.27 similarly to (2.13).

2.37. EVALUATION. Let 2 be a completed conilpotent cocategory and let b be a V-quiver.
Define the evaluation cofunctor ev : AKX T Coder(A, Tb) — T'b on objects as ev(AK f) =
fA, and on morphisms as follows. Let f°, f' ..., f"* : A — Tb be cofunctors, and

let r!,...,r" be coderivations of certain degrees and of some level as in f° i f! -,
Lt s P A - Thyn >0, Thenc=r!®@--- @™ € T Coder (2, Th)(f°, f1).
Define

@R (' ©- @) ev = (@A) (FOOF G &G - o RS .

The right hand side belongs to (T b)®(2n+1) ,u(2"+ ) and is mapped by multiplication ,u( ntl)

from (A.4) into Tb. So defined ev is a cofunctor. Indeed, n-ev —1 ev -n applied to 1A& 1y,
A€ Ob, f € Ob Coder(ﬂ,ﬂ) = cncCat(Ql,ﬂ), gives a tensor convergent expression
in 76

[n(1a) ®ing(1s)Jev —(1ra)n = fln(1a)] = n(1sa),

since f is a cofunctor.
The following statement generalizes Proposition 3.4 of [Lyubashenko, 2003].

2.38. THEOREM. For a € ncCat, b,c¢!,...¢? € A-mod;-Quiv with notation ¢ = Tc!
- XTc¢? the map

ncCat(c,TCoder(a,ﬂ)) — cncCat(a X C,T\b),
Yr— (alc ¥y R T Coder(a, Th) <% ﬂ)

15 a bijection.
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PROOF. An augmentation preserving cofunctor ¢ : ¢ — T Coder(a, ﬂ) = T Coder(a, ﬂ)
(see Corollary 2.36) is described by an arbitrary quiver map ¢ = tb-pr, : ¢ — Coder(a, Th) €

A-mody -Quiv such that 7 - 1) = 0 by Proposition 1.9. Let ¢ : aX¥ ¢ — T'b be a cofunctor.
It equals the cofunctor (a X ) - ev : aX ¢ — Tb if the equation

D (@RcAP ) ey = (aR)p,  aca’, cec,

k=0

holds (by Theorem 2.23(i) and Proposition 2.26). It suffices to consider two cases. In the
first one ¢ = 7(1,) for some g € Ob¢. Then the equation takes the form (a)(gv) = (aXc)¢

which defines the cofunctor g1 € cncCat(a, ﬂ) in the left hand side.
In the second case ¢ € F'¢? the equation takes the form

(a)(c)zﬁ—kZ(a&cA(k)zE@k) ev=(alc)o, a€ca’, cec.

k>2

Since 7 - ¢ = 0 the comultiplication A can be replaced with A. The structure of ¢ =
Tc¢! X - .- X Tc? is such that the component 1), i, in the left hand side of

.....

(@) = (aBe)p—> (aBcAPH ey,  aeca’, cew, (2.18)
k>2
is expressed via the components 1;, . ; with smaller indices (j1,...,/,) in the product

poset N4, For ¢ € Fe(X, V)4, X = (Xy,...,X,), Y = (V1,...,Y,), X;,Y; € Obd,

\ 1q
find n > 0 such that cA®*) = 0. Equation (2.18) determines a unique collection of

maps ¢ € FA-mody (a(U, V),ﬂ((U, X)o, (V, Y)(b))d. It remains to verify that it is a
coderivation. We have to prove that

(a)(c) Ay = () Aa[(- B X)o @ () (ct)) + ()(cth) @ (B Y)].
The case n = 0 being obvious, assume that n > 1. The sum in (2.18) goes from k = 2 to
n. Correspondingly,

n

(a)(c)A = (ad)[(-Keq))¢@ (Bege)d] =Y [(aA)R(cip®- - @) Ar Coder ) (e @ ev).

k=2

Here according to Sweedler’s notation ¢y ® c¢2) = cA. Similarly, ¢ ® -+ ®@ ¢ = AP,
Recall the middle four interchange [(a @ b) K (¢ ® d)]723) = (—1)**(a K ¢) @ (b K d). The
above expression has to be equal to

(@){(B1x)6@ [(Ke)p— D (B (

k=2

+ @) [ - Y (B(ad@- @) ev] @ (B}

S
®
®
x
£
=
=
——
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Canceling the above terms we come to identity to be checked

n

(CLA)[(* X Ci)¢ ® (7 X Ci)¢] = Z [(GA) X (CIQ/VJ K- ® CEQL)ATCoder] T(23) (ev ® ev). (2.19)

The right hand side equals

~~

{ CLA) X [(cid R R® C{lﬁ) ®(Cm¢ R ® CEIL)} }7'(23) (ev ® ev)

where

(a)(eF) =) [aR(cip®- - @cih)]ev = (a)(e)) + ) _[aB(crd@- - @cp))]ev = (aBe)o

i=1 =2

due to (2.18). Hence the right hand side of (2.19) equals (aA)[(-K¢1)p® (-Kc3)¢], which
is the left hand side of (2.19). "

Let a be a conilpotent cocategory and let b, ¢ be quivers. Consider the cofunctor given
by the upper right path in the diagram

ev X1

a X T Coder(a, T\b) XT Coder(ﬂ, T\c) TR TCoder(ﬂJ, T\c)
| _ |
IIEMi/ = \Lev

a® T Coder(a, T¢) y Tc

By Theorem 2.38 there is a unique augmentation preserving cofunctor
M : TCoder(u,ﬂ) X TCoder(ﬂ,ﬁ) — T Coder(a, TAC)

Denote by 1 the unit object X° of the monoidal category of cocategories, that is,
Ob1 = {x}, L(*,%) = A. Denote by r : a1 — a and 1: 1 X a — a the corresponding
natural isomorphisms. By Theorem 2.38 there exists a unique augmentation preserving
cofunctor 1z : 1 — T Coder(T'b, T'h), such that

r= (ﬂ&ﬂ%ﬂ)&TCoder(ﬂ,ﬁl)Lﬂ).

Namely, the object * € Ob1 goes to the identity homomorphism idz; : Tb — Tb.
The following statement follows from Theorem 2.38.
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2.39. PROPOSITION. The multiplication M is associative and n is its two-sided unit:
TCoder(a, ﬂ)&TCoder(ﬂ, ﬁ)@TCoder(ﬂ, 7/%) M TCoder(a, ﬁ)&TCoder(ﬁ, 7/%)

| |
18 | M
TCoder(a, Tb)XTCoder(Th, T0) > T'Coder(a, T)

The multiplication M is computed explicitly in [Lyubashenko, 2003, §4], see, in par-
ticular, Examples 4.2 there.

3. Filtered A..-categories

For a filtered graded quiver A denote by sA = A[l] the same quiver with the shifted
grading, A[1]" = A""!. The shift commutes with the completion. By s we denote also
the “identity” map s : A — A[1], A" > x — z € A[1]""!, of degree —1.

3.1. DEFINITION. A filtered A-category A is an L-filtered Z-graded quiver A, equipped
with a coderivation b : Id — Id : TsA — TsA of degree 1 and of level 0, such that'
the collection b : TSA(X, V) — TsA(X,Y) satisfies b* = 0. Another name — curved
Ano-category. De Deken and Lowen use the name of filtered cA-category [De Deken,
Lowen, 2018].

~ The codifferential b is determined in a unique fashion by the collection of morphisms
b="b-pr; € FOA-mody (TsA(X,Y),sA(X,Y))!, XY € Ob.A, equivalently, by the collec-
tion of morphisms b = b - pr; € F'A-mody (TsA(X,Y), sA(X,Y))!, X,Y € ObA, due to
Corollary 2.33, equivalently, by the components b, € FOA-mody (T"sA(X,Y), sA(X,Y))!,
X,Y € ObA, n > 0. The codifferential b is recovered from its components b; : 77 sA — sA
due to Propositions 2.32, 2.35:

b= Y (%)@ 1%F) : T sA — (T sA)
i+j+k=n
The square b is a (1,1)-coderivation of level 0 and of degree 2:

DA = bA(1&b + b&1) = A(1Qb + b@1)? = A(1QV + b*@1) : TsA — TsA.

Thus, the equation b* = 0 is equivalent to the system (b?),, = 0, n > 0. The components
of b can be found via Remark 2.27 by insertion of id between b and b. Therefore, the
equation b = 0 can be written as

S ()@ bisran = 0 T"sA — sA.
i+j+k=n

T am grateful to Kaoru Ono for explaining the reasons why the differential preserves the grading in
Fukaya categories.
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Let A, B be filtered A..-categories, let fO, f1,..., f* : TsA — T'sB be cofunctors (see
Definition 2.25), and let r!,... 7™ be coderivations of certain degrees and of some level

as in f° LN f1 -, L frt i>A f*:TsA — TsB, n > 0 (see Definition 2.34). Then
r'®@---@r® e T Coder(TsA, TsB)(f°, ). Let a € (T*sA)*.

3.2. PROPOSITION. In the above assumptions there is a unique (1,1)-coderivation of de-
gree 1 and level 0 B : T Coder(T'sA, TsB) — T Coder(TsA, TsB), such that

AR @ @r)]evh = [aR(r'®@--@r")Blev+(=)" " [abR(r' @- - @) ev (3.1)

forallac TsA, n>0,r'® ---@rmeT" Coder(T'sA, TSB)(fO, fm). It satisfies B% =0,
thus, it gives an Ay -structure to s~! Coder(T'sA,TsB) = s~ Coder(T'sA, TsB).

PROOF. B is determined by its components B; : T7 Coder(T'sA, TSB) — Coder(T'sA, TSB)
of degree 1 and level 0 due to Proposition 1.12:

B = Z 1% ® B; ® 1%% . T" Coder(T'sA, TsB) — T<"* Coder(TsA, T'sB).

i+j+k=n

For n = 0 the equation reads f°b = 10 B+bf°, where 10 = 1 € T° Coder(T'sA, T'sB)(f°, f°)
= A. Hence, since both f% and bf° are (f°, f°)-coderivations, By is found in a unique
way as

150By = f° — bf° € Coder(TsA, TsB)(f°, ). (3.2)

Assume that the coderivation components B; for j < n are already found so that (3.1)
is satisfied up to n — 1 arguments. Let us determine a A-linear map (r' @ --- ® r")B,
TsA — T'sB from (3.1) rewritten in the form

a.(r'® - @r")B,=[aR @' @ - @r)]evb— (=) TR (' @ @) ev
i<n

= Y ER{ e 2 (1% e B @ 19) ev

qt+jtt=n

Let us show that (r' @ --- @ r")B,, is a (f°, f*)-coderivation. Indeed,

(re - rB,A=Alf’9r'® - @B, + (1 ®- - @r")B,®f"] (3.3)



FILTERED COCATEGORIES 1763
due to computation

a.(rMr® - @r"B,A=aX ('@ - @r)]Alev®ev)(10b + bR1)
— ()" R (@ @ )] Aev @ ev)

_ Z aR{r'® - rm)1%e B; ® 199} Aev & ev).
=) (AR @ @) ev®[- B (T @ @) ev(10b + b@1)
— (=) (@A) (1 @b+ b DR (! @ @ M) ev @R (T @ - @ ") ev}

= Y (@A) ) R @ @) ev@R{(r* @ @) (1% @ B; @ 19)} ev

q+j+t=n k+v=q

n j<n
S (=) A)Y R ® . @rt) (1210 B;@19") eva- B (@ . @r")ev

k=0 q+j+w=k
- (aA)< YR e o) e[ R @ @] evh

k+l=n

— Z )T LR (1 @ @ )] ev @B R (P @ - @ )] ev

k+l=n

j<n

- Y [Re'e-0M)edR{r* e @)1 @ B;®1%)}ev

k+v+j+t=n
+ Z YT LR (1 @ @ )] ev bR R (FF T @ - @ r)] ev

k+l=n
- Z T++T IR @ @) eve-R (I @ @r)]ev

k+Il=n

- rhtl A 1 k ®q QW A k+1 n
S S ER{('® .. o")1%0B;91%)} ev & B (rF1® ... @) ev>.

q+j+w=k
The sum of the first three expressions in angle brackets equals its restriction to £ = 0:
fPOLR( @ - @r)]evh— (=) T QLR (r @ - @ ") ev
i<n

Y. PRER{( ©-- @)1 e B e 1)} ev = f'&(r' ©--- @ 1")B,.
v+j+t=n

The sum of the last three expressions in angle brackets equals its restriction to k = n:

R @ @) evb@f" — (=) TR @ @ r)] ev @ T
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j<n
- Y FR{( @01 e B0 1®))evdf" = (@ © ") B.&f"
gHjtw=n

This proves (3.3).
Notice that B? is a (1,1)-coderivation of level 0 and of degree 2:

B°’A=BA(1®B+B®1)=A(1®B+B®1)’=A(1® B>+ B*®1).
Since b? = 0, we have for a € (T*sA)*, n >0, r; € Coder(TsA,’f’sB),

[aR(r'@---@r") B ev = [aR(r'®- - -@r")Blevb—(=)" " [abR(r'®- - -@r")B] ev
= —(—)’"1+"'+7"n [abX (r'®---@7r")]evb— (—)r1+"'+rn+1[ab X(r'e---@r")]evb=0.

Composing this equality with pr; : T'sB — sB we get 0 = [aX¥(r'®- - -@r™) B ev pr;. Sub-
stituting into this expression the expansion of B? into components B* =37, ., 19 ®
(B?); ® 1¥% we find that all summands (except one), composed with ev, map a X (r! ®

-+ ®1r™) into the ideal T>2sB, and composed furthermore with pr; vanish. The only
surviving summand satisfies

0=[aR (' ® @) (B%)a]evir; = (a)[(r' @ @1r")(B).]p1;.

By Corollary 2.33 the coderivation (1! ® - -- ® ) (B2), € Coder(TsA, TsB)(f°, f*) van-
ishes. Since this holds for all n > 0, the coderivation B? vanishes. n

3.3. DEFINITION. Let A, B be filtered A -categories. A cofunctor f : TsA — TsB is
called a filtered A.-functor if bf = fb.

Both sides of this equation are (f, f)-coderivations. In components:
1,5,k=0 ) A
(b-fla= Y (1%@b;@1%%) - fiiry: TsA — 5B,
i+j+k=n
kyij >0
(f - b)n = Z (fu® - &fi,) b :T'sA — sB.
i1+ +ip=n
Equality of these expressions for all n > 0 is equivalent to condition bf = fb and, as we
have seen, equivalent to 1,8y = 0.

Composing (3.1) with pr; : TsB — sB we find the components of coderivation B :
T Coder(T'sA, TsB) — T Coder(T'sA, T'sB). Recall that By is given by (3.2), components
of rBy forr: f — g: TsA — TsB are found from

(a)(rBi)pry = (a)[rb — (=)"br|pr;
- Z [GA(iHJrk)] [(]E@i ® F © F%Vbip1k — (=) (pr¥ 2h @ Pf?k)rwuk]

1,k>0
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Notice that, in general, [r,b] = rb — (—)"br is not a coderivation, unless the source and
the target of r are A,-functors (cf. Remark 3.4). In detail, denote by (a)(rBp)Y the
coderivation value (a)(rBj)pr;. Then by Remark 2.27

(rBi)g = Z( 6" @10 @ g5 ik — (=) bor,

i.k>0
(rB)i = Z (f5" @11 @ g5 )bisrsn + Z (f&™ @ i@ f5" © 710 © g5")bmintar
i,k>0 m,n,k>0
+ D (TR ® g™ ® 91 ® g5 bisarmin — (=) [brir + (1@ bo)ra + (bo © 1)),
i,m,n=>0

etc. For n > 2 we have

(@)[(r! r")Bulpty = [a R (' @ - @1r")]evbpr, =
Z A ()2 @it @ (1) @@ ()" @ @ (") )b ginsn-

041,04

3.4. REMARK. Let f, g : TsA — TsB be filtered A.-functors and let  be an (f, g)-coder-
ivation of degree d and of level I. Then [r,b] = rb — (=)"br is an (f, g)-coderivation of
degree d + 1 and of level [, in particular, rB; = [r, b]. Indeed,

(rb — (=)"br)A = rA(1&b 4 bR1) — (=) DA(f&r + r&yg)
= Al(for + r®g)(1&b + b1) — (=) (18b + b1)(f&r + r®g)]
= A[f&(rb — (=)"br) 4+ (=) (fb = bf)&r + r&(gb — bg) + (rb — (=)"br)&g].

A. Reflective representable multicategories

Let V be a symmetric monoidal category, for instance, V = grAb. Let D be a lax rep-
resentable plain/symmetric/braided V-multicategory [Bespalov, Lyubashenko, Manzyuk,
2008, Definitions 3.7, 3.23|, that is, for all families (M;);c; of objects of D the V-functors
D((M;)ier; —) : D — 'V are representable. By [Bespalov, Lyubashenko, Manzyuk, 2008,
Theorem 3.24] the V-multicategory D is isomorphic to V-multicategory D for a lax plain /
symmetric/braided monoidal V-category D = (D, ®f, A/, p*). The V-multicategory D has
@((Mi)ig;N) = D(®!(M;), N) (see [Bespalov, Lyubashenko, Manzyuk, 2008, Proposi-
tion 3.22] for details). We may and we will take for D the category D, that is, ObD =
ObD, D(M,N) = D(M;N). Denote by D the plain/symmetric/braided multicategory
with Ob D = ObD, D((M,)ier; N) = V(Ly, D((M;)ier; N)). For instance, when V = grAb
we have D = D°. Instead of morphism f : Ty — D((M;)ser; N) € V we write f : (M;)ie; —
N e D. The multicategory D is represented by the lax plain /symmetric/braided monoidal
category D with ObD = ObD, D(M, N) = V(1y, D(M, N)) = D(M; N).

Assume that ObD contains a subset Ob C such that the full subcategory € C D is
reflective. Recall that this is equivalent to giving a morphism 7, : M — M € D for every
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M € ObD, where M € Ob € and for all N € Ob € the morphism D(iy;, N) : D(M,N) —
D(M, N) is invertible. In other words, the inclusion V-functor in : € < D has a left
adjoint = : D — €. The unit of this adjunction is 7 : Idp — ino-. Denote by C the full
plain/symmetric/braided V-submulticategory of D with Ob C = Ob C.

A.1. PROPOSITION. The V-multicategory C is lax representable by a lax plain/symmetric/
braided monoidal V-category € = (C, ®], S\f, pr) with

&0 = @i’ (A1)
A = [@eil s (200 @i M S (@ (@ MY, (A2)
L (Al _/L-\ /;Z ~ ZIVI
pt=(&"M = @M = M 25 M). (A-3)

PROOF. Without loss of generality we assume that D = @, that is, D((M;)icr; N) =
D(®*'M;,N). In particular, 7 : (M;);c; — @' M; € D corresponds to idgicry;, € D.
Supposing that N, M; € ObC for ¢ € I we get isomorphisms

C(7;N) = [C(@i;l\f) PEML p (@il M;; Ny 2T —— C((Mi)ier; N)],

where

—

T = [(Mi)iel —/ @ M, LN ®i61Mi} e C.
Therefore, C is lax representable.
By the proof of Theorem 3.24 of [Bespalov, Lyubashenko, Manzyuk, 2008] the lax

plain /symmetric/braided monoidal V-category (C, ®I, M, pl ) has structure elements given
precisely by (A.1)-(A.3). For instance, an expression from [ibid.| is the top-right path in
the following diagram

. VA . 1. ®j€J" . R -
®Z€IM7; y @I€) @i€s 1 M, L ®J€J(®z€f IJMZ.)

L

@i Lﬂ (®j€J ®z€f 1j M) (®]€J<®i€f_1jMi>A)/\

The same expression has to be equal to 7 - M. Since the diagram commutes, M s equal
to the bottom composition M 567@ [

Since € C D is a full reflective subcategory there is an idempotent monad - : D — D,
M +— M, with the unit 7 : Idp — =, M — M, and multiplication gy : M — M inverse
to iy, = iar 1 M — M [Borceux, 1994, Corollary 4.2.4] (see enriched version at the end of

Chapter 1 of [Kelly, 1982]).
Assume furthermore that - extends to a lax plain/symmetric/braided monoidal

functor (5, "), ¢" : @ M; — ®@i, and the unit 7 satisfies condition (2.5):

'51 & Qin
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That is, 7 is a monoidal transformation in the sense of [Bespalov, Lyubashenko, Manzyuk,
2008, Definition 2.7]. Therefore, p : (5,¢")? — (5,¢") is a monoidal transformation as
well. Indeed, this follows from the commutative diagram

N " S E)Z p——
Qi My ——— QL My ——————— Q7 M
o] Jom = T ] e
n ~ ¢n ®.7'.Mi —
@1 M; > Qi M;

Summing up, ((, ¢"), 7, p) is an idempotent lax plain/symmetric/braided monoidal monad.
Let {1,2,...,n} = SU P. Given M; € ObD, define

N, — MZ ifie S,
M; ifi € P.

Let i = 1, i = %. Define
0, ifie s,

e P) =
x( ){1, ifiep

and x(i € S) =1— x(¢ € P). Similarly to [De Deken, Lowen, 2018, Proposition 2.27] we
prove
A.2. PROPOSITION. The morphism ®i§/}fep) : mz — @V@ is wnvertible.

—

PROOF. There is a unique morphism ¢ : @Z — @1y M; which forces the diagram

—
i€P)

> Q" N
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to commute. The reflectivity implies that &-®7 NEZEP) = 1. Commutativity of the composite

rectangle in this diagram implies commutativity of square |1]in the following diagram

igM;
Q1 M —— @, M,
®im;, ) —
_ ®AZ.XN(;65) o }/}zGP)
® X (i€P) ey
® M; L ®r 4 N; SN Q4 N;
= ®,73<V(.i65) — ¢
®im;, ' o e
n My ——— Q| M,
'1;®M2.
Commutativity of the above together with reflectivity implies that ®'z'§\‘4(fep) <& = 1. Thus,
€ is inverse to ®i J\}ZEP). n

The unit object of (D, ®") is 1 = ®°(x), therefore, the unit object of (€, ®") is
i=a&").
A.3. COROLLARY. When D is a plain/symmetric/braided monoidal category (all M, p
are invertible), so is C.

L

In fact, invertibility of M and of ®JI€J7 implies invertibility of their composition M.

A.4. ALGEBRAS AND COALGEBRAS. Assume that the category D is monoidal (all M, pr

are invertible). Hence, the same for €. The category of algebras (monoids) in D (resp.
C) is denoted Algs, (resp. Algg).

A.5. PROPOSITION. The full cmd fazthful functor in : Algz — Algs, (B,up : BB —

B,ng:1— B) — (B B®B 5 B®L @B, B 1512 B) turns Algg into a reflective
subcategory of Algg .

PROOF. First of all, in B is an algebra in D (the proof is left to the reader). Secondly,
any morphism f : A — B € Algs induces f : inA — inB € Algs. Clearly, the
functor in is faithful. Omne can show that it is full. This functor has a left adjoint,
namely, the completion functor = : Algy — Algs, (A, pa,na) — (/LHA = (A@A =

Ag A2 ,@ , 121) ni= ﬁZ 1 — 121) The natural transformation 7: A — A =
— ———1 . /\

(A,A@A#A@A&A@A A1S1M A) isgivenpreciselybyi:A%A.
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The proof of these statement is left to the reader. [

Let D contain arbitrary small coproducts. Then for any M € Ob D there is the tensor
algebra TM = [, M®" = ©p>oM®" € D. The functor T': D — Algg, is left adjoint

to the underlying functor U : Algs — D. Then for B € Algz, X € C there are natural
bijections

Algs(TX, B) = Algs(TX,in B) = D(X,Uin B) = (X, UB).

Hence, the functor € — Algs, X — TX is left adjoint to U : Algs — €. Multiplication in
the algebra A = TX with A =TX

. (I

WD = (T = (@X)er s (@00 44 7X) (A4)

is denoted also as @ (by abuse of notation).

A.5.1. COMPLETION OF COALGEBRAS. The category of coalgebras (comonoids) in D
(resp. €) is denoted Coalgg (resp. Coalgs). The completion functor extends to a functor

> : Coalgg — Coalgg, (C, Ag,ec) = (C,Ap = (C 25 Co 0 —2 ol = CR0O),ep =
g0 C — ﬂ) The proof is left to the reader. Notice that

. <k>/\

(€ 20 Gak 8, Gk — (oky = AL
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